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Abstract 
We show that the alternating inequalities associated with Ch. Jordan’s formulae for the 
probability that exactly m and at least m of n given events occur may be sharpened by the 
addition of a sum whose entries are determined by the edges of a hypergraph satisfying certain 
conditions. The results are given in the broader context of measures over finitely generated 
Boolean algebras. 
1. Introduction 
In this paper we look at an extension of the alternating inequalities associated with 
Ch. Jordan’s formulae for the probability that exactly m and at least m of n given 
events occur. We work in the broader context of measures over finitely generated 
Boolean algebras. 
Throughout, let V be a finite set and let Pi(V) be the set of all i element subsets of V. 
Let N be any set and let { Aj}j,v be a collection of subsets of N. Let g be the Boolean 
algebra of sets generated by { Aj}j, v. A functionf: &I--+ R + = [0, co) is called a measure 
if f(Xu Y) =f(X) +f( Y) for every X, YES with Xn Y = 8. (N, W, f) is called a measure 
space. A measure space with f(N) = 1 is called a probability space. One particularly 
important measure in combinatorics is the cardinality measure defined byf(X) = 1 X 1 
for XEg. 
Let N, stand for the set of elements of N contained in exactly m of the {Aj}jEV and 
let N,, stand for the set of elements contained in at least m of the {Aj}j,,. Ch. Jordan 
[7-91 gave formulae for f(N,,,) and f(N>,,,) in terms of f(nj,, Aj) for JC V and 
showed that they satisfied so called alternating inequalities. That is, he showed that, 
for k>m, 
t-11 k+m+l f(~~)- i (_l)i+m L 0 I Si ~0 i=m 
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and 
(-1) k+m+l f(~>~)- i (_ l)‘+m 
i=m 
(4 
where 
Si= C f 
JEPi(V) 
Notice that for k 2 1 V( these are equalities. 
If all of thef( nj,, Aj) are known for J G V with )J 1 d k for some fixed k, (1) and (2) 
give upper (lower) bounds when k+m is even (odd). Lower (upper) bounds can be 
obtained with these inequalities by using only thef( n jsJ Aj) with ]JI <k- 1. Clearly, 
it would be desirable to have inequalities which use more of the available information 
to give sharper lower (upper) bounds. 
One method is to use some of thef( n jeJ Aj) with IJI = k to augment the bound. We 
use the notion of a k-uniform hypergraph to express which of the f( nj,, Aj) with 
I J I= k are to be added. A k-uniform hypergraph H is a pair (V(H), E(H)), where V(H) 
is a set whose elements are called vertices and E(H) is a multiset of k element subsets of 
V(H) called edges. V(H) is called the vertex set of H and E(H) is called the edge 
multiset of H. 
More precisely, this method gives the result that for some k-uniform hypergraphs 
H with vertex set V, 
(-l)k+m {f(Nm)-( 1:: ( l)i+m (L) Si+(~l)"+"s,,)}>O~ 
where 
SH= C f 
JEE(H) 
and gives a similar result forf(N>,). Here, we address the problem of determining 
which hypergraphs give valid bounds for all measure spaces. 
Results of this type were first obtained by Hunter [6] forf(N,-,) when k = 2 where he 
determined that trees give the best possible bounds. Tomescu [ 141 gave partial results 
for f(N,) with arbitrary k. In [S] we gave best possible results for f(N,) and in this 
paper we give best possible results forf(N,) andf(N,,) with m<k. 
Other bounds onf(N,,,) andf(N,,) are known [3,12,13,2,10,15, for example]. 
These bounds differ from the ones given here in that they are linear combinations of 
the Si the coefficients of which may even depend on the Si. In some cases [lo] bounds 
have been given in terms of algorithms rather than explicit formulae. 
2. Required combinatorial identities 
We will require two combinatorial identities. The first is often useful (and quite 
easy) but the second is highly specialized for use in Theorem 3.3. 
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Lemma 2.1. Zf a, FEZ then 
~~(-l)i(q)=(-l)b(ahl). 
Proof. The proof is by induction on b. When b 60 the identity is trivially true. 
Otherwise, 
=(-l)b-1 (;I;)+(-I$) 
=(-l)b y-l . 0 ( > 
Lemma 2.2. Zf k, m, nEZ with 0 cm < k then 
Proof. Define 
fhk4=(-l)k 1 (-1) 1:: i(Pl)(r). 
First we find a recurrence relation forf(m, k, n): 
fhk4=(-l)k i (2) [(C)+(“r’)] 
=(-l)k c (-1) 11: ‘(~~:)(:_:)+l(m.k,n-l) 
=(-1)k (~~:)l~~(-l)i(:_~)+l(m,k,n-l) 
+f(m, k n - 1) 
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Then, since f(m, k, m - 1) = 0, 
as desired. 0 
3. Main results 
Our proof requires the following result of Rtnyi [ll]. A proof of this result may be 
found in Renyi’s original paper, in Comtet [4], or in Bollobas [l]. 
Theorem 3.1 (Renyi [ll]). Let p1,p2, . . . . pk be Boolean polynomials in n variables 
A,,A2, . ..> A,, and let bI,bz, .,., bk be real constants. Suppose 
i bif(pi(Bl,B,,...,B,))~O (3) 
i=l 
whenever B,,B2, . . . . B, are elements of a probability space such that f (Bi) = 0 or 1. Then 
(3) holds for every choice of elements B,, B2, . .., B, in every measure space. 
In other words, in order to prove an inequality involving elements of a measure 
space, it suffices to prove the inequality in those measure spaces with a single atom of 
nonzero measure. (Recall that an atom of a Boolean algebra of sets is a minimal 
nonempty element.) There is a similar result for equalities. 
As in the introduction, let V be a finite set, let N be any set, let {Aj)j,, be 
a collection of subsets of N, let @ be the Boolean algebra generated by {Aj}j,,, let 
(N,9#, f) be a measure space, let N, stand for the set of elements of N contained in 
exactly m of the { Aj}jev, and let N >,,, stand for the set of elements contained in at least 
m of the {Aj}j,,. Define 
Si= c f 
JEPi(V) 
and, similarly, for a hypergraph H, define 
SH= c f 
JEE(H) 
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One final definition and we will be ready to state and prove the main theorems. For 
a hypergraph H and a subset I of its vertex set, the induced partial hypergraph HI is the 
hypergraph with vertex set I and edge multiset {e&(H) 1 e GZ}. 
Theorem 3.2. Let m, keZ with O<m< k. Let H be a k-uniform hypergraph with vertex 
set V and with the property thatfor each I c V, the induced partial hypergraph HI has at 
most 
edges. Then 
(-l)k+m 
Moreover, if H is otherwise then there exists a measure space where (4) does not hold. 
Proof. According to Rtnyi’s theorem it suffices to prove this for probability measures 
fwhich are 1 on some of the Aj and 0 on the others. Let I = {Jo V 1 f(Aj)= l} and let 
I= 1 II. Alternatively, let I be an arbitrary subset of V and let the atom (nj,, Aj)n 
(njeq,N\Aj) have measure 1 and let all other atoms have measure 0. 
Observe that 
f (Nd= 
1 if l=m, 
0 otherwise, 
since Nr contains the single atom with measure 1 and observe that 
since only those ( njeJAj) with JcZ contain the atom with measure 1. AS a result, 
Sic 
1 0 i 
and 
SE,= I-W,)I. 
Now we prove (4). 
(- l)k+m 
0 
’ Si+(-l)k+mS* 
m 
k-l 
=(-l)k+m 1 (-l)i+m i ’ +IE(HI)I 
i=m ( )(> m i 
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=(_l)k+m ; 0 
= 
-(~)(:~~~:> ifl<k 
0 otherwise 
= (-l)k+m 
i 
ifl=m 
0 otherwise 
=( - l)k+mj(N,) 
as desired. 
Finally, if H were such that there existed an Ic V with 
IE(HI)I >( ‘L’) (‘y;). 
then a nearly identical argument gives that 
(-l)k+m {I$: (-l)i+m ( ~)Si+(-l)k+mS~}>(-l)k+mf(Nm) 
contradicting (4). Therefore, the condition on H is as weak as possible. q 
Theorem 3.3. Let m, kEE with 0 < m < k. Let H be a k-uniform hypergraph with vertex 
set V and with the property that for each I E V, the induced partial hypergraph H, has at 
most 
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edges. Then 
(-l)k+m {ftN>,)-( I$: (-l)i+m (~~:)Si+(-l)‘+“s,)}>O. (5) 
Moreover, if H is otherwise then there exists a measure space where (5) does not hold. 
Proof. Again, according to Renyi’s theorem is suffices to prove this for measures 
fwhich are 1 on some of the Aj and 0 on the others. Let I = {Jo V 1 f(Aj)= l} and let 
l=lZ/. 
Observe that 
f (N,,)= 
1 if Iam, 
0 otherwise 
and that, as before, 
As a result, 
Si= 
1 
0 i 
and 
S,=IE(Hr)l. 
Now we prove (5). 
k-l 
(- l)k+m i&(-l)i+m 
=(_l)k+m 1 (- )’ 1;; 1 ‘+m(;l:) (;)+IWI)I 
i 
0 if l<m 
= (-l)k+m iflam 
by Lemma 2.2 
=(- l)k+mf(N>,,,) 
and desired. 
Finally, if H were such that there existed an ZG V with 
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then a nearly identical argument gives that 
(- l)k+m >(-l)k+mf(N>,) 
contradicting (5). Therefore, the condition on H is again as weak as possible. 0 
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